CHEBYSHEV-GRUSS TYPE INEQUALITIES FOR (jfe, s) -FRACTIONAL 

INTEGRALS 

MUHARREM TOMAR AND SUNIL DUTT PUROHIT* 


Abstract. This paper refers to some generalizations of certain fractional integral inequalities. 
By means of the (fc, s )— fractional integrals, generalized Chebychev— Gruss type inequalities are 
derived, which gives an estimation of the product of functions in terms of the products of 
the individual function measures. Several new results are also obtained from the inequalities 
presented in this paper. 


1. Introduction and Preliminaries 

Fractional integrals play an important role in several theoretical and applied fields. Actually, 
it is a useful tool in differential equations, inequalities, probability, statistics and electrical 
engineering. For more recent development on fractional calculus, we refer the reader to [2, 8, 
10, 15, 16, 17, 23, 24], 

For two measurable functions /, g : [a, b] — > R, define the functional, which is known in the 
literature as Chebychevs functional 

T(f,g;a,b) = — [ f(x)g(x)dx - 1 [ f{x)dx [ g{x)dx, (1.1) 

b~a J a [b~ a) 2 J a J a 

provided that the involved integrals exist. There are many studies involving (1.1) in the litera- 
ture, see for example [5, 7, 25, 27]. 

Gruss type inequality due to Chebychev (see for example [22, p. 207] is as follows. 

If f,g are absolutely continuous on [a, b] and f,g' £ Loo[&>fr] and H/^loo : = sup \f'(t)\, then 

t£[a,b] 

\T{f,g;a,b)\ < ^||/'||oo|b'||oo(& - a) 2 (1.2) 

and the constant — is the best possible. 

Further, a weighted version of the Chebyshev functional (see [4]) is defined as: 

T(f,g,p)= f p(t)dt f f{t)g{t)p{t)dt— f f(t)p{t)dt f g{t)p{t)dt, (1.3) 

J a J a J a J a 

where / and g are integrable functions on [a, b] and p(t.) is a positive and integrable function on 
[a, b\. In 2000, Dragomir [9] derived the following inequality, related to the weighted Chebyshev 
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functional (1.3): 

2\T(f,g,p)\< \\f'\\ p \W\L [ [ \x-y\p{x)p(y)dxdy , 

Ua Ja 

where /, g are differentiable functions and f G L p (a, b),g' G L q (a, b),p > 1, - + ^ = 1. 


(1.4) 


Lemma 1.1 (Weighted Holder Integral Inequality). Let J | = 1 with p,q > 1. TTien 
weighted Holder’s inequality for integrals states that: 


\fgh(t)\dt < / \(fg p ){t)\dt 


\(fh q )(t)\dt 


11 ii 

Proof. Since - + - = 1, we can write (fgh)(t) = ( f p g)(t ) x ( f q h)(t ). If we use Holder’s integral 

inequlity in this equality, we get desired inequality which complete of the proof. 


In the past decade, various fractional integral inequalities have been investigated and exten- 
sively used in many areas of mathematics. Motivated by those earlier works [3, 7, 21, 26], in this 
paper based upon the ( k , s )— fractional integrals, may be named by generalized ^-fractional inte- 
gral, we establish certain generalized Chebychev-Griiss type inequalities, which provide further 
generalizations of numbers of known integral inequalities. 


2. Fractional Calculus Operators 


The Pochhammer A;— symbol {x) n k and the k — gamma function are defined as follows (see 

[ 6 ]): 

(x) n ,k ■= x{x + k){x + 2k) ■ ■ ■ (x + (n — 1 )k) (n G N; k > 0) (2-1) 

and 

r fc (x) := lim n]kn ^ k (fc > 0 ; x G C \ ) , (2.2) 

n— > o° {x)n,k 

where kTL q := [hi : n G Zq }. It is noted that the case k = 1 of (2.1) and (2.2) reduces to the 
familiar Pochhammer symbol (x) n and the gamma function T. The function is given by the 
following integral: 

POO ^ k 

r k{x) = / t x ~ l e~~P dt (3?(x) > 0). (2.3) 

Jo 

The function Tk defined on R + is characterized by the following three properties: (i) Tk(x + k) = 
xTfc(x); (ii) r k(k) = 1; (iii) r^(x) is logarithmically convex. It is easy to see that 


T k (x) = k I” 1 T (&(s) > 0; k > 0) . (2.4) 

We want to recall the preliminaries and notations of some well-known fractional integral 
operators due to will be used to obtain some remarks and corollaries. 

The ( k , s)— Riemann-Lioville Fractional integral operator f of order a > 0 for a real- valued 
continuous function /(f) is defined as (see [28, p. 79, 2.1. Definition]): 


S 

k 




(■ 3 + 1 ) 1 -f 
kF k (a) 



(x s+1 


t s+1 )1-H s f(t)dt 


(2.5) 
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where k > 0, fd > 0 and s£i \ { — 1}. 

The most important feature of (k, s) — fractional integrals is that it generalize some types of 
fractinol integrals (Riemann-Liouville fractional intagral, k— Riemann-Liouville fractional inta- 
gral, generalized fractional integral and Hadamard fractional integral) . These important special 
cases of the integral operator iff a are mentioned below: 


(1) For k = 1, the operator in (2.5) yields the following generalized fractional integrals 
defined by Katugompola in [13]: 

( r+ l)!-a 


/V 1 - tr+1 r~ ltr m dt - 

r(a) Ja 


T'TOL 

a ■ 


(2.6) 


(2) Firstly by taking k = 1, after that by taking limit r — » — 1 + and using L’hospital’s rule, 
the operator in (2.5) leads to Hadamard Fractional integral operator [11], That is, 

( r + l)l-« rx f{t)t r 


r— > — 1+ 


i 


r(a) Ja 

1 


lim f(t)f 

r— > — 1+ 


r + 1 


c r+ 1 - f r+1 


1—a 


F(a) 


fit) lim 


r + 1 


1—a. 


- 1 + x r+l - t r+1 

= )] 


dt. = 

dt 

t 


lim 

r— >— 1+ 

1 


F(a) 

f{t) lim 


(; x r+l - t r + i)i- Q 
r + 1 N 1 "“ 


dt 


r («)./„ V^ +1 -r +1 

l 


dt 

~t 


r(a 


r (!«;),»? 


(2.7) 


(see [14, p. 569, eqn. (3.13)]). 

(3) If we take s = 0 in (2.5), the operator (2.5), reduces to the k-Riemann-Liouville fractional 
integal operator, which firstly defined by Mubeen and Habibullah in [19], this relation 
is follows: 

^Zkfit) = , r l ' / (x-t^-'fitidt. (2.8) 

k^k{a) J a 

(4) Again, taking s = 0 and k = 1, the operator (2.5) gives us Riemann-Liouville fractional 
integration operator: 

K«(/(t)) = L- f(x - (2.9) 

r(a) 7a 

Throughout of this paper, we denote the (k, s)— Riemann-Liouville fractional integral of order 
a of a function / by — > | J a (while a — > 0). 

In recent years, these fractional operators were studies and used to extend especially Griiss, 
Chebychev-Griiss and Polya-Szego type inequalities. For more details one may refer to the 
recent work [1, 12, 20, 29, 30, 31]. 


3. Fractional Integral Inequalities 

In this section of the paper, by using (fc, s)— Riemann-Liouville fractional integrals, we obtain 
some new weighted integral inequalities which gives an estimation of the product of functions 
in terms of the products of the individual function measures. While we are obtaining our main 
results related to the Chebyshev’s functional, we use Holder integral inequality and weighted 
Holder inequality . 
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To use in next theorems, we want to define two functions as following: 

W(r, p) = (/(t) - f{p)) (g(r) - g{p )) , r, p G (0, i), t > 0 

and 

(s + l) 1 "^ (t s+1 - r s+1 ) f_1 r s 




ATfc(«) 


a, k, t > 0 and s G R \ {— 1}. 


(3.1) 


(3.2) 


Theorem 1. Suppose thatp be a positive function, f and g be differentiable functions on [0, oo), 
f 6 L n ([0, oo)), g' G L m ([0, oo)) such that ^ ^ = 1 with n > 1. Then for all t > 0, a > 0, 

k > 0 and s G R + \ {—1} 


2 II J a W)\ I J a W)f(t)g(t)}~ s k J a \p(t)f(t)} iJ a W)gm 


(3.3) 


< 


(s+l) 2 * 1 - 


nllffllm 


t ft 



0 JO 


S P S (t S+1 - T S+1 ) k 1 (t S+1 - p S+1 ) k 1 


k 2 T 2 k (a) 
xp{t)p(p)\t — p\drdp 
<\\f\\n\W\\ m t(iJ a \pm 2 - 

Proof: Provided that the conditions of the theorem and for all r G (0, t), we can easily see 
Ff(t, t) > 0. Multiplying with p{r) both side of product H(t, p) x Ff(t, r) and taking the 
integral with respect to t on (0 , f), we get 

T~ / (i s+1 - r s+1 ) ¥_1 r s p(r)H(r,p)dr = lJ a \p(t)f(t)g{t)\ (3.4) 
kT k (a) J o 

-f(p)kJ a W)9(t)] - g{py k J a \p{t)f(t)} + f(p)g(py k J a \p(t)\- 

Now, multiplying above identity (3.4) by Ff(t, p)p(p) and then integrating with respect to p 
on (0, t), we obtain 


(,+i) 2 ( 1 -t) y y 


. . T s p s (t s+1 -T s+1 Y k (t s+1 -p s+1 Y k p(r)p(p)n(r,p)dTdp 

k-T 2 k (a) Jo Jo 

= 2 ( u“\p(t)\ kJ a W)ut)m - 

With the help of fundamental theorem of calculus, identity (3.1) can be written as 

7i{r,p) = j j f\y)g'{z)dydz. 


(3.5) 


By using the Holder’s inequality for integrals, we get 


p rp 


f{y)g{z)dydz 


< 


p rP 


\f{y)\ n dydz 


p rP 


\g{z)\ m dydz 


1 1 

— H = l,n > 1 , 

n m 


then we obtain 


I^(tp)I < 


rp rp 


f(y)\ n dydz 


p rp 


g\z)\ n dydz 


(3.6) 
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Since 


P CP 



\f\y)\ n dydz 


= \r-p\' 


and 


p cp 



\g\z)\ m dydz 
thus, from inequality (3.6) we get 

|77(r,p)| <\t- p\ 


= \t-p\' 


\f\y)\ n dy 


g\z)\ m dz 


\f{y)\ n dy / \g\z)\ m dz 


(3.7) 


As a result of (3.7) and from equality (3.5) can be written following inequality : 

(s+iA 


1 -? rt rt 


k 2 T 2 k (a) J 0 Jo 

(s + 1) 


[ I -T s p s ( t s+1 - t s+1 ) k 1 ( t s+1 - p s+1 ) k 1 p(t)p(p)\H(t, p)\drdp 
Jo Jo 


l-£ rt rt 


< r 7 r / / rV(f + 1 -r s+1 )‘ 1 (t ^ 1 - * p(r)p(p) 

K1 fcv a J J o J o 


X |r-/o| 


/ , (y)| B dy / \y\z)\ m dz 


drdp 


(3.8) 


Now using weighted Holder’s integral inequality, on the right-hand side of (3.8), we have 

(' s ' 1) ^ f f -S „s Us+1 -S+lU" 1 Ls+l „s+i\t _1 


< 


1 2 r 2 / \ — / / tS P S (t S+1 - r " +1 ) * {t s+ 1 -p s+1 ) k p(t)p{p)\T-C{t, p)\drdp 

k i k \a) Jo Jo 

(s+ir^-t) r* f i 


k n Tl(a) Jo Jo 


x|r - p\ 


| f{y)\ n dy 


T S p S ( t S+1 — T S+1 ) k ( t S + 1 — p S+1 ) k p{r)p(p) 

drdp] " 


( ^S f) Ifv (C« - c+A- 1 (C +1 PGM.) 


x|r - p| 


£f'(2:)| m (i2 


drdp] 


(3.9) 


Taking into account the fact that 


\f(y)\ n dy 


< 


— II J II n 


and 


\g(z)\ m dz 


< Ibll 


m 

m 5 
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we obtain 


(s + l)2(l-f) ft ft 


T S P S ( t s+1 - r s+1 ) k 1 ( t s+1 - p s+1 ) k 1 p(t)p(p) I H(t, p)\drdp 


£-1 


< 


k 2 T 2 k (a) J 0 Jo 

fg _)_ ) II f\\n rt ft 


k n r n k (a) Jo Jo 

xp(t)p(p)\t — p\drdp] n 


r s p s (t s+1 -r s+1 ) k 1 (t s+1 -p s+1 )~ k 


s-l 


( S +ir( i -s)|| 9 ||™ 


t rt 


k™T™(a) Jo Jo 

xp{t)p(p)\t — p\drdp\ m 
Inequality (3.10) gives us following inequality: 


s p s ( t s+1 - t s+1 ) k 1 ( t s+1 - p s+l ) k 1 


(3.10) 


^l 2 p 2 l T — f f T s p s (t s+1 - T s+1 ) k 1 (t s+1 - p s+1 ) k 1 p(t)p(p)\T-L(t, p)\drdp 
k i k [a) Jo Jo 


< 


(, + l) 2 ( 1 - 


.114 


k 2 T 2 { 


a) 


t rt 


T s p s ^s + 1 _ pS+l) fc 1 ff.S+1 _ p s+l j 


0 JO 


s-l 


xp(t)p(p)\t — p\drdp] 71 x 


t rt 



t s p s (t s+1 — t s+1 ) k 1 [t s+1 — p s+1 ) k 1 p(t)p(p)\t — p\drdp] 


o Jo 


(3.11) 


With the fact that ^ ^ = 1, from (3.11) we get 

+<s+l 1 / j.s +1 s+l\ ~k ^ 


^ ,S ^ 2 p 2 l t — [ f t s p s (t s+1 - t s+1 ) k 1 (t s+1 - p s+1 ) k 1 p(t)p( P )\H(t, p)\drdp 
K 1 k\ a ) do Jo 

As + 1) 2 4 


nl|y|lm * f* r* p s (r+i - (t s+1 - p^y- 1 x 


.114 



0 JO 


k 2 T 2 (a) 
xp(j)p{p)\T — p\drdp 

On the other hand using equality (3.5) we can easily seen that 

2 1 s k j a w)} s k j a w)mm - s k j a w)m\ mmm 


(3.12) 

(3.13) 


< 


if + ^ - — f f n- s p s (t s +! _ T s+1 ^j fc 1 (t s+1 - fc 1 


k 2 T 2 k (a) Jo Jo 

xp(r)p(p) | H(t, p) | dr dp. 


Taking into account the inequalities (3.12) and (3.13), we conclude the left-hand side of the 
inequality (3.3). 

Now, to obtain the right-hand side of the inequality (3.3), since 0 < r < t and 0 < p < t, we 
will use the fact that 
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Clearly, from (3.12), we obtain 


(s + l^-f) [* [* 
k 2 Tl(a) 

(s + l) 2 ^ 


< 


< 


jo Jo 

'^ll/IUIIsl 


kVU 


a 


«(s + i)' 2(1 ?)||/||„||s| 


kW 


a 


T s p s (t s+1 — t s+1 ) k 1 ( t s+1 — p s+1 ) fe 1 p(t)p(p)\H(t, p)\drdp 

T s pS (j.s+i _ r »+i)f-i (t ^ 1 - / o s+ 1 )^- 1 p(r)p(p)| T - / o|drdp 

r s p s ( y t s+1 — r s+1 ) k 1 ( t s+1 — p s+1 ) k 1 p(T)p(p)drdp 


ff 

rt rt 


0 Jo 


= \\f , \\n\W\\mt( S k J a \p(t)}? 


which completes of the proof of Theorem 1. □ 

The following theorem put forward a further generalization of Theorem 1 with a and /3 positive 
parameters. 

Theorem 2. Suppose thatp be a positive function, f and g be differentiable functions on [0,oo), 
f G L n ([0,oo)), g' G L m ([0, oo)) such that ^ ^ = 1 with n > 1. Then for t > 0 following 

inequality holds: 


urwmom - u a w)m 

- iJ s w)m u a w)\ 


< ” U ML / / -8 n 8 (f8+l _ (+8+1 

k 2 T k (a)T k ((3) J 0 J 0 
xp{r)p(p) | r — p | drdp 

< ill/'IInlb'IU I^[p(t)] 



f-1 


(3.14) 


where a , /3, k > 0 and s G R + \ {— 1}. 


Proof: To proof this theorem, we multiply (3.4) by Fs (t, p)p(p) (p G (0 , t), t, > 0) and take 
the integral on (0,t) (with respect to p), to obtain 


(« + l) 


2 - 


Q +/3 

k 



k 2 T k (a)T k (/3) j o 
xp(T)p{p)H(T, p)drdp 


T s pS ( t s + 1 _ r s+!) 2 1 ( t *+i _ p *+i) 


i-i 


- |J ,J [p(‘)9(«)] SJ“|p(t)/W] + J^IpW/WsW] iJ a m]- 


(3.15) 



M. TOMAR AND S.D. PUROHIT 


Using our obtained previously inequality (3.7), we get 


(* + l) 


2- 


Q+/3 


t pt 


k 2 T k (a)T k ((3) J o J o 
xp(t)p(p)\H(t, p) | dr dp 


S P S (U +1 - T S + 1 ) k 1 (t S+1 ~ p S+1 ) k 1 


(3.16) 


< 


(s + l ) 2 


t pt 


k 2 T k (a)T k ((3) J o J o 


ry (f s+1 - r s+1 ) fe 1 (t s+1 - p s+1 ) k 1 


xp(r)p(p) | r - p| 


|/'(y)| n dy / |£f'(2:)| m d2: 


drdp 


If we take Holder’s integral inequality, we easily get following inequality: 


(s+1) 2 


t pt 


k 2 F k (a)T k (P) J o J o 
xp(r)p(p)|H(r, p)|dr<2p 


V s (t s+1 - r s+1 ) k 1 (t s+1 - p s+1 ) ' k 1 


< 


(s+1) 2 fe ||/'|| n ||</| 


£ pt 


k 2 v k (a)v k (p) J o io 

xp{r)p(p) | r — p| drdp. 


T 


S P S (t S+1 ~ T S+1 ) 1 (t S+1 - /> S+1 ) * 1 


(3.17) 


The left-sided inequality of Theorem 2 can be easily seen from inequalities (3.15) and (3.17). 
Furthermore, for 0 < r < t, 0 < p < t, we have 


Therefore, from (3.17), we obtain 

(8 + l) 2 -^ 



fe 2 r fc (a)T fc y) 7o io 

xp(r)p(p)|7f(r, /3)|drdp 


0 < |r — p\ < t. 


p S ( t S+1 - T S+1 ) k 1 ( t S+1 ~ p S+l ) k 1 


< 


(s + i) 2 -^t Wf'Ug'lU f f\ s 



0 JO 


p S ^S+l _ r S+l^ fe 1 ( f S+l _ ^S+l^ fe 1 


A: 2 T fc (a)r fc (/3) 

x p( t )p(p) drdp 

= n/'iuiis'iu * ij“\m iJ 0 m\ 

which finish proof process of Theorem 2. □ 

Remark 3.1. If it is taken as (3 = a in above theorem, Theorem 2 reduces to Theorem 1. 


4. Some Special Cases 

We now briefly consider some consequences of the results derived in the previous section. 
To this end, we mention the following corollaries and remarks by taking relations (2.6)-(2.9) 
(particularly, for a = 0) into account: 
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Corollary 1. Suppose thatp be a positive function, f and g be differentiable functions on [0,oo), 
f G L n ([0, oo)), g' G L m ([0, oo)) such that 4 + ^ = 1 with n > 1. Then for all t > 0, a > 0 and 
r G M + \ {-1} 

2 |%“[p(t)] %>(*)/(%(*)] - %“[p(t)/(t)] %"[p(%(t)]| (4.1) 

< (r+i) 2(i r ) ! /llpl|g|lg f f t T r P r {f +i ~ r r+i ) Q_i (r+i _ P-+ 1 ) 0 ” 1 x 
r 2 (a) Jo Jo 

xp{t)p(p)\t — p\drdp 

<\\f\\ P \\9’\\,m?w)]? ■ 

Corollary 2. Suppose that p be a positive function, f and g be differentiable functions on [0,oo), 
f 6 L n ([0, oo)), g' G L m ([0,oo)) snc/i that 4 + ^ = 1 with n > 1. Then for all t > 0 and a > 0 

2 l/fJX*)] ffJ a [p(*)/(fM*)] - /fJ a b(*)/(*)] HJ a W)m\ (4.2) 


In - In - 


WfWphll 


<muw\\t(Hj a \p(t)]y 


p(t)p(p)— — — drdp 

t P 


Corollary 3. Suppose that p be a positive function, f and g be differentiable functions on [0, oo), 
f G L n ([0, oo)), g' G L m ([0,oo)) such that 4 + 4- = 1 with n > 1. Then for all a, k, t > 0 

2|Z?|p(f)] 2?bW/(%W] -2]f|pW/W] WM*)]! (4-3) 

^ H/llpllS'llg f f (t — t ) 1 *- 1 (t — p)!*- 1 p(t)p(p)\t — p\drdp 




<ll/1Ul9ll,t(A“[p(‘)]) 2 . 

Remark 4.1. Suppose thatp be a positive function, f and g be differentiable functions on [0, oo), 
f G L n ([0, oo)), g' G L m ([0,oo)) such that 4 + 4- = 1 with n > 1. Then for all a,t> 0 

2 1 n a \ P (t)} n a \p(t)f(t)g(t )] - n a \p(t)f(t)] n a \p(t)g(m (4.4) 

^ ll/llplbllg f f /, \a-l 4 


[ [ {t - T) a 1 (t - p) a 1 x p(t)p{p)\t - p\drdp 
Jo Jo 


slI/'IUkllA^X*)]) 2 ' 

Corollary 4. Suppose that p be a positive function, f and g be differentiable functions on [0, oo), 
f G L n ([0,oo)), g' G L m ([0,oo)) such that ~ + ~ = 1 with n > 1. T/ien /or t > 0 following 
inequality holds: 

r i?W)\ r z?bM/Ms(0] - r rf |p(t)/W] [!>(%(*)] 

- r i?[p(0sM] r i? [p(‘)/(«)l + r z?[p(‘)/(*)9(t)] %“W<)]| 


.. <^+i) 2 » iLaiis'ii, 
r(a)r(/3) 

xp(t)p(p) | r — p| drdp 


< ‘ll/'IUIVIL r W)] r z?b(i)] 


r p T (t r+1 — 7- r + 1 ^ a 1 (t r+1 — 1 
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where a,(3,k > 0 and r £ M + \ {—1}. 

Corollary 5. Suppose thatp be a positive function, f and g be differentiable functions on [0,oo), 
f £ L n ([0,oo)), g' £ L. m ([0,oo)) such that ^ ^ = 1 with n > 1. Then for a,/3,t> 0 

H j a mm 9 (t )] - Hj a w) 9 m 

- nj 0 w)m H j a w)m} + Hj p mm 9 (t)\ H j a w )} I 


< 


\\fuw\u r r* 

r(a)r(/3) Jo Jo 



ft - 1 

p(t)p(p) 


T-p\ 

TP 


drdp 


< t H/'llp \WW q HJ a \p{t)\ H J 0 W)\. (4.6) 

Corollary 6. Suppose that p be a positive function, f and g be differentiable functions on [0,oo), 
f £ L n ([ 0, oo)), g' £ L m ([ 0, oo)) such that ^ ^ = 1 with n > 1. Then for a,(3,k,t> 0 

iSm } i?ip(o/ws(0] - i£mm\ ismm 
- inmm zxo/wi + 2f[p(o/ws(oi ^ipwiI 


- JSa)r!w U‘( t -^- 1 (t- P )"-'p(r)p( P )\r- p] iri P 

< *I|/'IUI»'II, Z>M] l£[pMl (4.7) 

Remark 4.2. Suppose thatp be a positive function, f and g be differentiable functions on [0, oo), 
f £ L n ([ 0, oo)), g l £ L m {[ 0, oo)) such that ^ ^ = 1 with n > 1. TTien /or a,f3,t> 0 

^b(t)] ft a b(t)/(t)s(t)] - ft a b(*M*)] 

- n%{t)g{t)} n a \p(t)f(t)}+ n%{t)f{t)g{t)j n a \p(t)} 

< [ [ (t - r) a_1 (t - pf- 1 X p(r)p(p) \t - p\ drdp 

r(a)T(p) J o J o 

< i||/'IUl9'll, K >(*)] (4.8) 

Lastly, we conclude this paper by remarking that, we have introduced extensions of the 
Chebychev— Griiss type inequalities, which gives an estimation for the fractional integral of a 
product in terms of the product of the individual function {k, s)— fractional integrals, involving 
the weighted function p(t). Therefore, by suitably choosing the function p(t), one can further 
easily obtain additional integral inequalities involving the various types of fractional integral 
operators from our main results. 
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